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PARTIAL SINGULAR INTEGRO-DIFFERENTIAL EQUATIONS MODELS FOR
DRYOUT IN BOILERS
by Mphaka Joane Sankoela Mphaka
A two-dimensional model for the annular two-phase flow of water and steam, along with
the dryout, in steam generating pipes of a liquid metal fast breeder reactor is proposed. The
model is based on thin-layer lubrication theory and thin aerofoil theory. The exchange of mass
between the vapour core and the liquid film due to evaporation of the liquid film is accounted
for in the model. The mass exchange rate depends on the details of the flow conditions and
it is calculated using some simple thermodynamic models. The change of phase at the free
surface between the liquid layer and the vapour core is modelled by proposing a suitable Stefan
problem. Appropriate boundary conditions for the model, at the onset of the annular flow
region and at the dryout point, are stated and discussed. The resulting unsteady nonlinear
singular integro-differential equation for the liquid film free surface is solved asymptotically
and numerically (using some regularisation techniques) in the steady state case, for a number
of industrially relevant cases. Predictions for the length to the dryout point from the entry
of the annular regime are made. The influence of the constant parameter values in the model
(e.g. the traction r provided by the fast flowing vapour core on the liquid layer and the mass
transfer parameter 77) on the length to the dryout point is investigated.
The linear stability of the problem where the temperature of the pipe wall is assumed to be
a constant is investigated numerically. It is found that steady state solutions to this problem
are always unstable to small perturbations. From the linear stability results, the influence
on the instability of the problem by each of the constant parameter values in the model is
investigated. In order to provide a benchmark against which the results for this problem
may be compared, the linear stability of some related but simpler problems is analysed. The
results reinforce our conclusions for the full problem.Acknowledgements
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General Introduction
The study of multiphase flow dynamics is frequently undertaken in the areas of natural
sciences and engineering. A multiphase flow is simply described by Wallis (1969) [90] as the
simultaneous flow of several phases, where a phase is a state of matter, e.g. solid, liquid or
gas. There are numerous publications on this subject which cover fields such as blood flow,
dust storms, air pollution, fluidised beds, sedimentation and pneumatic conveyors. These
publications include those of Soo (1967) [76], Wallis (1969) [90], Bergles & Ishigai (1981)
[11], Azbel (1981) [6], Chisholm (1983) [18] and Whalley (1987) [92] to name but a few.
Owing to the vast and broad scope of the subject of multiphase flows, we do not attempt
to describe the study of all aspects of the subject here since this would distract the reader
from the main theme of this thesis. This thesis is devoted to mathematical modelling and
analysis of an "annular" two-phase flow of an evaporating thin viscous liquid film of water
(adhering to a heated wall) and its fast flowing "vapour/gas core" (the technical terminology
will become clearer as we describe the physical problem in section (1.1)).
It is important at this stage to mention that the modelling and the analysis of the annular
two-phase flows (for the current conditions of interest) will involve the study of thin liquid
flows. Owing to their frequent occurrence (both in nature and in engineering sciences),
the subject of thin film flows (isothermal and otherwise) has always been, and still is, of
paramount interest to both theorists and industrialists including experimentalists. As a
result, the literature in this area is very large in its extent. It seems that much of the
recent work performed on isothermal thin liquid films has been mostly motivated by painting
processes in industry. This is not entirely surprising since many industrial processes involve a
form of coating solid substrates with thin layers of paint, e.g. the electronics industry, the food
industry and the paint industry to name but a few. Examples are presented in a review by
Ruschak (1985) [70]. Among most recent publications in the literature (and many interesting
mathematical modelling problems which arise in this area), we can mention, as examples, thebetween 10
 8 and 10
 10. The sensitivity of the numerical method's accuracy to the choice
of grid is examined by increasing the number of mesh points and there is no change at all.
Respective illustrative results are shown in tables (3.1) and (3.2).
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Unsteady Flows
In chapter 2, we have proposed a fully unsteady model for the problem and in chapters 3
and 4, the model has been solved numerically for specific cases in the steady state. Now,
the ultimate aim will be to solve the whole problem numerically for the unsteady cases. It
is almost customary and usually simple in the unsteady problems to seek similarity and/or
travelling wave solutions. However, a brief analysis of some simple cases of the problem in
section (5.2) shows that these solutions are physically unrealistic and therefore are not of
immediate interest here. Thus, in order that any predictions could be made for the dryout,
it is then inevitable that the whole unsteady problem must be solved numerically. It will
be, however, unthoughtful to embark on the task of solving the whole problem numerically
without investigating whether in reality its solutions exist or not. Hence in this chapter we
mainly address the question of linear stability for this problem. As a result, the literature
review in section (5.1) is concerned with the linear stability analysis of some related problems.
It should be mentioned nonetheless, that none of these models in the literature include the gas
core (such literature, to the best of our knowledge at the time of writing, is not available).
Nevertheless, we hope that some of their results will provide indications as to what we
may expect from the linear stability results of this problem, e.g. whether the mass transfer
parameter 77 is a stabilising factor or not. We will focus here on the linear stability of the
constant wall temperature problem though the other case can also be done.
5.1 Literature Review
The stability of thin liquid films adhering to heated walls is of practical importance in several
applications including the analysis of liquid metal cooled fast breeder reactors (Bankoff, 1971)
[8]. Therefore, this phenomenon has been of particular interest to a number of investigators.
Essentially, investigators analyse the order of magnitude of the dimensionless terms in their
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Figure 5.13: a graph of both the real and imaginary parts of most unstable or least stable




Figure 5.14: Both the real and imaginary parts of most unstable or least stable eigenvalue
against the traction parameter r.
142can be physically seen. Therefore, we intend first to develop the model further to account
for, in particular, the droplet deposition from the flow in the gas core onto the liquid film.
As mentioned earlier, this process may not be important in the formation of the liquid layer
under the current conditions of interest (as suggested by the typical experimental results).
However, there is a strong impression from the linear stability results for both the full problem
and the paradigm problem (5.73) in section (5.3.2.5) that this process could be playing a very
important role in the stability of the film. It is still a big challenge at the moment how to
account, theoretically (i.e. without resorting to empirical relationships), for this process of
droplet deposition in the model. Clearly, the rate at which the liquid droplets deposit onto
the liquid film should be directly related to their concentration in the gas core. Logically, the
concentration of the liquid droplets in the gas core should also be directly related to the rate
at which droplets are entrained from the liquid film free surface into the gas core. However,
the process of droplet entrainment seems to be still a subtle matter. The ultimate challenge
will, therefore, be to develop some constitutive equations which relate these two processes of
droplet deposition and droplet entrainment to the unknown liquid film free surface. There
is no doubt that the model might become more complicated on the inclusion of these other
terms but, equally, it may result in some unforeseen simplifications in the numerical solution
of the problem, e.g. it could lead to a situation where there is no singularity in the slope of
the film free surface near the dryout point.
Last but not least, the steady state constant wall temperature problem where the surface
tension is included in the model has not been solved. This however, does not mean it could not
be solved. The problem was analysed asymptotically and it was observed that the presence
of the surface tension term in the model does not remove the singularity in the slope of
the unknown liquid film free surface near the dryout point. Therefore, the problem can be
solved in exactly the same way that the problem without the surface tension has been solved.
Moreover, the governing equation for the model when surface tension is present involves
higher orders (than one) of derivatives of the unknown liquid film free surface. Thus, in the
numerical solution it will no longer be permissible to approximate the unknown free surface
by linear splines but higher order splines e.g. cubic splines. This approach would result in
a tremendous increase in the already formidable amount of computational algebra involved
when there is no surface tension term. The same argument goes for the problem when the
traction parameter r is allowed to vary with space (and time) in the model.
Finally, we still wish to develop, if at all possible, an alternative numerical approach which
is preferably easier to handle than the ones employed to tackle the steady state problems
here and suggestions are welcome.
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